Embedding theorems have continued to be a topic of interest in the general theory of relativity since these help connect the classical theory to higher-dimensional manifolds. This paper deals with spacetimes of embedding class one, i.e., spacetimes that can be embedded in a five-dimensional flat spacetime. These ideas are applied to two diverse models, a complete solution for a charged wormhole admitting a oneparameter group of conformal motions and a new model to explain the flat rotation curves in spiral galaxies without the need for dark matter.
Introduction
Embedding theorems have a long history in the general theory of relativity, as exemplified by the induced-matter theory discussed in Ref. [1] . Of particular interest to us are spacetimes of embedding class one. Here we recall that an n-dimensional Riemannian space is said to be of class m if n + m is the lowest dimension of the flat space in which the given space can be embedded. It is well known that the exterior Schwarzschild solution is a Riemannian space of class two. Following Refs. [2] , we assume a spherically symmetric metric of class two that will be reduced to class one by a suitable transformation discussed in Sec. 2. Other useful references are [3, 4, 5] .
These ideas will be applied to two very different models, a complete solution for a charged wormhole admitting a one-parameter group of conformal motions and a new model to explain the flat rotation curves in spiral galaxies without the need for dark matter.
The embedding
The discussion in Ref. [2] begins with the static and spherically symmetric line element (in units in which G = c = 1)
Conformal Killing vectors
As noted above, we assume a static spherically symmetric spacetime admitting a oneparameter group of conformal motions, which are motions along which the metric tensor remains invariant up to a scale factor. Equivalently, there exist conformal Killing vectors such that
where the left-hand side is the Lie derivative of the metric tensor and ψ(r) is the conformal factor [8, 9] . The metric tensor g µν is conformally mapped into itself along the vector ξ, which generates the conformal symmetry. This type of symmetry has been used to describe relativistic stellar-type objects, as discussed in Refs. [10, 11] . Additional new geometric and kinematical insights are described in Refs. [12, 13, 14, 15, 16] . Two earlier studies assumed non-static conformal symmetry [9, 16] . Another significant observation is that the Kerr black hole is conformally symmetric [17] .
To study the effect of conformal symmetry, it is convenient to use line element (1) with the opposite signature [18, 19] :
Using this form, the Einstein field equations become
and
Following Herrera and Ponce de León [10] , we can simplify the analysis by requiring that ξ α U α = 0, where U α is the four-velocity of the perfect fluid distribution, so that fluid flow lines are mapped conformally onto fluid flow lines. From the assumption of spherical symmetry, it now follows that ξ 0 = ξ 2 = ξ 3 = 0 [10] . Eq. (12) then yields the following results:
From Eqs. (17) and (18), we then obtain ν ′ = 2/r and thus
where C is an integration constant. Now from Eq. (18) we get
Substituting in Eq. (19) and using ν ′ = 2/r, simplification yields
Finally, solving for λ, we have
where B is another integration constant. When substituting into Eqs. (14)- (16), it becomes apparent that B is merely a scale factor, so that we may assume that B = 1. We then get
and the Einstein field equations can be rewritten as follows:
and ψ
4 Wormhole structure
Wormholes are handles or tunnels in spacetime connecting widely separated regions of our Universe or entirely different universes. While there were a number of forerunners, actual physical structures suitable for interstellar travel was first proposed by Morris and Thorne [20] . Such wormholes can be described by the static and spherically symmetric line element
using units in which c = G = 1. Here Φ = Φ(r) is called the redshift function, which must be everywhere finite to avoid an event horizon. The function b = b(r) is called the shape function since it determines the spatial shape of the wormhole when viewed, for example, in an embedding diagram [20] . The spherical surface r = r 0 is the throat of the wormhole. The shape function must satisfy the following conditions: b(r 0 ) = r 0 , b(r) < r for r > r 0 and b ′ (r 0 ) ≤ 1, called the flare-out condition. For a Morris-Thorne wormhole, this condition can only be satisfied by violating the null energy condition, thereby becoming the primary condition for the existence of a traversable wormhole.
The discussion in Ref. [20] was based on the following strategy: specify the geometric conditions required for a traversable wormhole and then either manufacture or search the Universe for matter or fields that will produce the corresponding energy-momentum tensor. One of our goals in this paper is to reverse this strategy by showing that the conditions described are sufficient for producing a complete solution, i.e., for obtaining both Φ = Φ(r) and b = b(r), as well as the necessary junction conditions.
Charged wormholes
The motivation for a wormhole with a constant charge Q, first proposed by Kim and Lee [21] , was provided by the Reissner-Nordström black hole
suggesting that
Charged wormholes are also discussed in Refs. [22, 23] .
Since we are assuming conformal symmetry, we have e ν = Cr 2 from Eq. (20) . Moreover, from Eq. (22),
We also assume that b = b(r) satisfies the usual conditions for a shape function: letting r = r 1 be the radius of the throat, we require that b(r 1 ) = r 1 and b(r 1 ) < 1, while b(r) < r for r > r 1 .
Wormholes from a metric of embedding class one
Returning to Sec. 2, we know from Eq. (11) that in view of Eq. (27)
Moreover, from Eq. (20), e ν = Cr 2 , we have
2 cannot be zero.) Solving for b(r), we get
The condition b(r 1 ) = r 1 now leads to 1 + KC = r 2 1 /Q 2 and
The result is
This result, in turn, leads to (26), we would have [20] 8πρ
So at r = r 1 , 8πρ(r 1 ) + 8πp r (r 1 ) < 0 since b ′ (r 1 ) < 1. The problem is that our metric has been altered due to the embedding, Eq. (11), i.e., e λ(r) = 1 +
4
Ke ν(r) (ν ′ ) 2 . As a result, we are no longer dealing with the same null vector: since b(r) has changed, so has 8πρ(r 1 ) + 8πp r (r 1 ). On the other hand, we also made use of Eq. (27) , e λ(r) = (1 − b(r)/r + Q 2 /r 2 ) −1 , which gives us the effective shape function used in Ref. [23] :
This form suggests that Eq. (30) be modified as follows:
This modification needs to be justified by showing that b(r) in Eq. (35) satisfies all the required conditions. To that end, let us denote the throat by r = r 0 , so that b(r 0 ) = r 0 . This condition yields 1 + KC = r 2 0 /2Q 2 and
Substituting in Eq. (35), we get
Finally, the flare-out condition is also met:
(Since we want b ′ (r 0 ) to be positive, we also require that r 2 0 > 4Q 2 .) As noted earlier, we still need to check the violation of the null energy condition: From Eqs. (1), (22) , and (27) ,
Substituting b(r), we get
Thus
Also,
Returning now to the Einstein field equations (23) and (24), So the null energy condition is indeed violated. Returning now to Eq. (36), it is clear that the free parameter K can be used to determine the constant C and hence e ν , which, in turn yields the redshift function. To complete the solution, we still need to consider the following: we can see from Eq. (20) , e ν = Cr 2 , that our wormhole spacetime is not asymptotically flat. So the wormhole material must be cut off at some r = a and joined to an exterior Schwarzschild spacetime,
Thus e ν(a) = Ca
where M is the mass of the wormhole as seen by a distant observer and C is obtained from Eq. (36). It follows that the cut-off r = a is implicitly determined by the equation
So given M, Q 2 , and r 0 , the free parameter K determines the radius of the junction surface. Eq. (44) will have a real solution if K is sufficiently large. (Plausible values might be 10 9 m 2 and 10 17 m 2 arising in the discussion of compact stellar objects in Ref. [5] .)
Flat galactic rotation curves
One goal in many modified gravitational theories is to explain the peculiar behavior of galactic rotation curves without postulating the existence of dark matter, whether this be noncommutative geometry [24, 25] or f (R) modified gravity [26] . The basic problem is that test particles move with constant tangential velocity v φ in a circular path sufficiently far from the galactic core. Taking the observed rotation curves as input, it is well known that
where l = 2v 2φ and B 0 ia an integration constant [27] . In addition, it is shown in Ref. [28] that in the presumed dark-matter dominated region, v φ ≈ 300 km/s = 10 −3 for a typical galaxy. So l = 0.000001 [29] .
The existence of flat rotation curves indicates that the matter in the galaxy increases linearly in the outward radial direction. To recall the reason for this, suppose m 1 is the mass of a star, v φ the constant tangential velocity, and m 2 the mass of everything else. Multiplying m 1 by the centripetal acceleration yields
where G is Newton's gravitational constant. The result is (since G = 1)
Eq. (47) essentially characterizes the dark-matter hypothesis, but, as noted above, other explanations are possible. As a starting point, suppose we consider [30] e λ(r) = 1 1 − 2m(r)/r .
Then m(r) = 1 2 r(1 − e −λ ). Since e −λ → 1 as r → ∞, we can assume that m(r) ia approximately constant over a large range of r. In other words, m(r) = Cr for some constant C. Unfortunately, by Eq. (47), C has to be approximately equal to v 2φ . This obstacle can be overcome by the embedding theory in Sec. 2. Using Eq. (11),
the free parameter K gives us the extra degree of freedom to produce the correct values, provided, of course, that e ν and (ν ′ ) 2 are indeed approximately constant. To that end, let us return to Refs. [27] - [29] , which deal with typical galaxies, including our own. Suppose we assume for now that B 0 = 1 in Eq. (45). So with our own galaxy in mind, let us consider the range from 8 kps to 50 kps, associated with flat galactic rotation curves. 48) reduces to m(r) = v 2φ r, thereby producing another alternative to the dark-matter hypothesis. This outcome may be viewed as the analogue of the induced-matter theory in Ref. [1] , i.e., one could maintain that the five-dimensional flat spacetime impinges on our Universe to produce the effect that we normally interpret as dark matter.
Remark: The existence of two models from the same embedding theory invites the following speculation: according to Brownstein and Moffet [31] , a significant amount of dark matter is missing in the Bullet Cluster 1E0657-558. This is also the cluster that has supposedly shown that dark matter actually exists. The main argument in Ref. [31] is that this phenomenon can be explained by means of a modified gravitational theory, to which we could add the present embedding theory. On the other hand, if the dark-matter hypothesis is to be retained and if some of the dark matter is indeed missing, then the existence of a conformally symmetric charged wormhole may be the preferred explanation: the Bullet Cluster consists of two colliding galaxies moving at very high velocities, so that the dark matter could be literally driven into the wormhole.
Conclusion
It is well known that a curved spacetime can be embedded in a higher-dimensional flat spacetime. A spacetime is said to be of class m if n + m is the lowest dimension of the flat space in which the given space can be embedded. Following Ref. [2] , we assume a spherically symmetric metric of class two that can be reduced to class one by a suitable transformation.
These ideas have been applied to two completely different models, a new solution for a charged wormhole admitting a one-parameter group of conformal motions and a new model to explain the flat rotation curves in spiral galaxies without the need for dark matter. The existence of the latter model can be attributed to the free parameter K in the embedding theory. In the former case, the free parameter K plays an equally critical role in obtaining a complete wormhole solution: K helps determine the redshift and shape functions, as well as the radius of the junction interface that joins the interior solution to an exterior Schwarzschild spacetime.
